In this paper we explore the conformational properties of random A -B block copolymers with semiflexible segments in a constant force field as a model of the behavior of biopolymers under tension. The degree of semiflexibility of individual blocks, which is characterized by a persistence length l, may range from values that correspond to complete flexibility of the block to values that correspond to nearly complete rigidity. The distribution of blocks is described by a two-state Markov process that generates the statistics governing the process of living polymerization in the steady state. Force-extension curves for this model of the polymer are calculated as an average over the chains conformations ͑which are described by a finitely extensible Gaussian model͒, as well as over both quenched and annealed distributions of the sequence of A and B blocks along the chain backbone. The results are sensitive to the nature of the sequence distribution: in the annealed case, the force-extension curves are sigmoidal for essentially all values of the parameters that characterize the conformational properties of the A and B blocks and their statistical correlations, while in the quenched case, the curves exhibit plateau regions that are reminiscent of various kinds of transitions in proteins and DNA.
I. INTRODUCTION
Experimental techniques to apply carefully calibrated forces to isolated molecules have now made it possible to explore in vitro many of the mechanical events that in living systems govern the pathways of different biochemical processes. 1, 2 The applied forces can vary in size from a few piconewtons to several hundreds of piconewtons, and can induce several different kinds of response, ranging from the simple disentanglement associated with the loss of entropic freedom to more complex transitions associated with the appearance of morphologically distinct conformational phases.
Many of these responses can be understood in terms of simple models of the macromolecule, 3 especially if the mutual interactions between a small number of distinct structural elements are the principal controlling factors behind the observed behavior. 4 It is often adequate under such circumstances to represent the molecule as a random connected sequence of two or more pointlike residues with different strengths of interaction. These so-called random A -B heteropolymer models have been very successful in identifying many of the broad features of the folding pathways in biopolymers like proteins and polypeptides. 5, 6 But, they also ignore many of the structural motifs that are known to influence certain kinds of conformational change in these molecules. ␣-helices and ␤-sheets are just two such motifs, and they can seldom be modeled successfully within the existing formulations of A -B heteropolymers. However, somewhat more faithful representations of biopolymers with secondary structural elements can be developed along the same lines starting from random block copolymer models. Block copolymers, by virtue of containing subunits that are themselves polymeric, can be made to mimic some of these secondary structural elements by suitable choice of the parameters that control the conformational properties of the individual blocks.
This idea forms the basis for the model developed recently by Buhot and Halperin 7 to study the response of biopolymers to stretching. Here, the polymer is represented as a linked chain of rods and coils arranged at random along the backbone. Two distinct sequence distributions are considered: one where the randomness is quenched, and the other where it is annealed. The force-extension profiles for these two scenarios are found to be quite different; the quenched case shows a pronounced change in slope, while the annealed case is sigmoidal. The predictions are in qualitative agreement with certain experimental results, but they are largely derived from phenomenological considerations, and so are not easily justified microscopically.
We have recently formulated a similar model of biopolymers. 8 In our approach, the macromolecule is represented as a random linked sequence of two different kinds of ''prepolymer,'' A or B, which may span a range of different degrees of flexibility, from completely flexible to almost completely stiff. Each prepolymer, itself a chain of identical residues, is modeled as an inextensible curve using the path integral formalism of Saitô, Takahashi, and Yunoki. 9 Within this approach, and in the absence of excluded volume interactions and stretching forces, the mean size of the chain, averaged over the sequence of A and B prepolymers using a two-state Markov process, 10 can be determined exactly as a function of the overall length of the heteropolymer, the relative amounts of A to B components in the chain, and the degree of stiffness of these components.
This model is based on a well-defined microscopic Hamiltonian that is easily generalized, formally, to the case where a nonzero force f acts at either end of the polymer. Unfortunately, the generalization no longer admits of an ex-act analytical solution under the original constraint of finite extensibility that must be imposed on the Hamiltonian. As we show in this paper, an exact solution of the problem can still be derived if this constraint is relaxed.
The general features of the model are introduced in the following section. The model is then applied to the calculation of the mean square end-to-end distance of a random block copolymer that is acted on by a force. The calculation involves an average over the conformational degrees of freedom of the chain as well as over the sequence distribution of A and B prepolymer segments. The sequence average is carried out for both quenched and annealed randomness using the same two-state Markov process mentioned above, which was introduced by Fredrickson, Milner, and Leibler in their study of microphase ordering in block copolymers melts. 10 The calculation of the average size of the chain is completed by enforcing the requirement of inextensibility. This is done approximately ͑but self-consistently͒ using a conformationdependent spring constant to connect near-neighbor monomers along the chain. The results of the calculation are presented in Sec. III, along with a discussion of their implications.
II. THEORY

A. Definitions
In these calculations, the heteropolymer is modeled as a random block copolymer of n ''prepolymers'' ͑to use the terminology of Fredrickson, Milner, and Leibler 10 ͒ of contour length N. Each prepolymer is a semiflexible homopolymer made up of either A or B residues that is characterized by a persistence length l A or l B , and that is represented as the continuum limit of a discrete set of coupled harmonic oscillators with bond strengths b A or b B . In this continuum representation, 11 the prepolymer is the locus of a curve described by the set of distances r(). These distances are the vectorial locations of the monomers that are imagined to lie at the points defining the backbone of the chain. The total contour length of the heteropolymer, nN, is denoted M, so, in general, the parameter varies from 0 to M. A constant force f is assumed to act at either end of the chain. In units where the thermal energy k B T is 1, the Hamiltonian of this heteropolymer is given by
Here, i is a dichotomous random variable that is defined to be ϩ1 if the ith prepolymer is made up of A residues, and that is defined to be Ϫ1 if the ith prepolymer is made up of B residues. The symbol ṙ() stands for the derivative dr()/d, while R i defines the end-to-end distance of the ith prepolymer, and is given by
As mentioned in the Introduction, this model of the heteropolymer is different from our earlier model, 8 which was based on the approach of Saitô, Takahashi, and Yunoki 9 ͑STY͒, and which used the set of tangent vectors u() ϭdr()/d at the points , and not the position vectors r() themselves, to define the trajectory of the continuum chain. Although the STY approach can be implemented exactly to calculate the mean square end-to-end distance of the random heteropolymer when fϭ0, the corresponding calculations when f 0, are highly nontrivial. The present model, defined by Eq. ͑1͒, is an attempt to retain the basic structure of the earlier approach without rendering it analytically intractable. In particular, we shall treat the constraint of inextensibility, expressed earlier by the requirement that ͉u()͉ϭ1 everywhere, in an alternative self-consistent approximation to be discussed later.
If the random block copolymer defined above contained just a single flexible block, of, say, type A, the bond strength b A would be 3/2l A , and the Hamiltonian of Eq. ͑1͒ would reduce to the well-known Hamiltonian of the continuum Gaussian chain.
11
It proves convenient to eliminate the Kronecker deltas in Eq. ͑1͒, and to rewrite H identically as
where
This is the form of the Hamiltonian that will be used in the subsequent calculations.
B. End-to-end distance
A useful measure of the radial dimensions of the polymer subject to the force f is its mean square end-to-end distance, defined as
͑8͒
where the outer brackets, with subscript s, denote the average over the sequence of As and Bs along the backbone, which may either be quenched ͑subscript q͒ or annealed ͑subscript a͒, while the inner brackets, without a subscript, denote the average over the conformational degrees of freedom alone. These distinct averages are defined, respectively, by
͑10͒
In these two equations, X is any sequence and conformationdependent property of the chain, p(͕ i ͖) is the probability that the first prepolymer is of type 1 , the second is of type 2 , and so on, and Q(͕ i ͖) is the chain partition function, defined as
The symbol ͐D͓r()͔ stands for the functional integral over the continuous conformations of the chain, while the sum ͚ ͕ i ͖ stands for the sum over the values of 1 , 2 ,..., n . The functional integrals in Eqs. ͑9͒ and ͑10͒ that define the average over chain conformations can be rewritten in terms of ordinary integrals over a product of chain ''propagators'' according to the general prescriptions outlined in, for instance, Ref. 11. In this way, one can show that
In the same way, the partition function Q can be reduced to the following product of ordinary integrals:
͑15͒
From the definition of the propagator in Eq. ͑14͒, this expression for the partition function is easily evaluated as
The simple Gaussian integrals in Eq. ͑12͒ are also easily carried out to produce
From these equations, one sees that
The sequence averages in Eqs. ͑21͒ and ͑22͒ are calculated in the next section.
C. Sequence average
The average over the distribution of A and B prepolymers can be carried out once the function p(͕ i ͖) is specified. If one makes the Markovian assumption that the identity of the ith prepolymer in the chain is determined only by the identity of the preceding prepolymer, then, as Fredrickson, Milner, and Leibler ͑FML͒ have shown, 10 the probability of realizing a given sequence of As and Bs is determined, in general, by a set of four conditional probabilities p KL , K, LϭA,B, where p KL is the conditional probability of observing K given L. If one further assumes that this sequence results from the process of living polymerization under steady-state conditions, then the p KL can be related to the mole fractions and 1Ϫ that define the composition of A and B in the chain so generated. When combined with the Markov condition, these two assumptions imply that only two parameters are needed to fix the overall sequence distribution in the chain: one is itself, and the other may be chosen to be the nontrivial eigenvalue of the matrix of conditional probabilities. The conditional probabilities p KL can now be expressed in terms of these parameters as
The parameter , which lies between Ϫ1 and ϩ1, controls the degree of correlation between A and B prepolymers in the chain; when →Ϫ1, the A and B prepolymers tend to succeed each other in alternation, when →ϩ1, the As tend to succeed As, and Bs tend to succeed Bs, and, finally, when ϭ0, As and Bs follow each other entirely randomly. From these considerations, one can show that
Results for higher moments of the variable i are also easily determined.
Quenched disorder
For this case, referring to Eq. ͑21͒, and using Eq. ͑27͒, one may verify that
where ͗R A 2 ͘ and ͗R B 2 ͘ are the mean-square end-to-end distances of the ith prepolymer averaged over the conformations of the remaining nϪ1 prepolymers when the ith prepolymer is of type A and when it is of type B, respectively. From the definitions of quenched and annealed averages in Eqs. ͑9͒ and ͑10͒, one can show that when a given prepolymer is of a definite type ͑A or B͒, the sequence average over the remainder of the chain yields the same factor of unity for both the quenched and annealed operations. Thus, ͗R A 2 ͘ and ͗R B 2 ͘ actually correspond to the dimensions of a homopolymer of length N as calculated from the Hamiltonian of Eq. ͑5͒ in which nϭ1 and the variable i in Eq. ͑6͒ is assigned the value ϩ1 ͑for a chain of A residues͒ or the value Ϫ1 ͑for a chain of B residues.͒ Returning to Eq. ͑21͒, we have, similarly
with S 1 and S 2 given by
Annealed disorder
This case is actually harder to treat than the case of quenched disorder, in contrast to most other related calculations in condensed matter. Fortunately, it still admits an exact result. Referring now to Eq. ͑22͒, the first sum on the righthand side can be re-expressed as
and
Similarly, the second sum on the right-hand side of Eq. ͑22͒ can be written in the form
The sequence averages in the expressions ⌶, T 1 , T 2 , T 3 , and T 4 as well as the associated summations are easily calculated following the matrix methods described in detail in our earlier paper, Ref. 8, which we do not repeat here. A summary of the principal results of these calculations ͑which are extremely lengthy͒ is provided in the Appendix. Graphs of the fractional extension of the heteropolymer as a function of different chain parameters are presented later, after a discussion, in the next section, of the treatment of inextensibility.
D. Inextensibility
In polymer models where the bonds between adjacent residues act effectively like Hookean springs, the chain can be stretched indefinitely when a constant force is applied to either end. This produces, among other results, an unphysical molecular weight dependence of the mean-square end-to-end distance at large values of the force, 12, 13 and seriously limits the model's ability to treat problems in which the polymer is not unperturbed. However, without invoking the constraint 9 ͉u()͉ϭ1, finite extensibility at all values of the force can be ensured in Gaussian chains by making the spring depend nonlinearly on the applied force in such a way that an effectively infinite force is required to stretch the chain beyond its contour length. This is the principle used in the so-called finitely extensible nonlinear elastic ͑FENE͒ models of a polymer, 14 and it is used here, in modified form to achieve the same ends. The idea is to replace the spring constants b A or b B in the present model by the following spring constant: 
The result is
Substituting the expression for b i from Eq. ͑41͒ into Eq. ͑43͒, and introducing the definitions ␣ i ϵ͗R i
2 , one finds that the mean-square end-to-end distance of the ith prepolymer under the force f is obtained from the solution to the following quadratic equation in z i :
iϭA,B. ͑44͒
From this equation, it is easily shown that
The above expression for z i is now used in Eq. ͑41͒ to determine the spring constant b i
As is easily confirmed, the above result produces b i →3/2l i as f →0, while b i →ϱ as f →ϱ.
III. RESULTS AND DISCUSSION
A. Homopolymer case
Before proceeding to a discussion of the behavior of the random heteropolymer under the action of the force f, we first consider the results for the case of a single homopolymer to test the utility of the FENE approach against literature data. As it happens, these results need not be derived separately; they are already contained in Eq. ͑45͒ for the fractional extension of the ith prepolymer, which is nothing but a homopolymer of contour length N. N is essentially arbitrary, and it is useful to let it be large, while l i is kept fixed. In this limit, Eq. ͑45͒ simplifies to
where we have omitted the subscript i, since it is no longer necessary to distinguish between the A and B prepolymers. The above expression has two further interesting analytic limits. When f →0, the fractional extension becomes
This result is identical to the small-f prediction of a highly successful model of the elastic response of DNA to an applied force by Marko and Siggia 15 using an analytic interpolation formula derived from a Kratky-Porod representation of a semiflexible chain.
The second limit of interest corresponds to f →ϱ; here, Eq. ͑45͒ reduces to
.
͑49͒
This result may be compared with the large-f predictions of the above Marko-Siggia ͑MS͒ model, and another prediction based on the freely jointed chain ͑FJC͒ model, 16 which are given, respectively, by models of the chain. Curve 1 corresponds to the results of the Marko-Siggia calculation, in which the contour length N and the persistence length l have been estimated from experiment to be 32.8 m and 106 nm, respectively. This curve provides an excellent fit to experimental measurements of DNA stretching. 15 Curve 4 corresponds to the results of the FJC model. Curves 2 and 5 and the curve defined by the ϩ signs ͑curve 3͒ are derived from Eq. ͑45͒, in which the parameters f, N and l have been grouped into the dimensionless combinations fA and l/N. In curve 3, l/N is assigned the value 3.24ϫ10 Ϫ3 based on the estimates for l and N determined by Marko and Siggia. 15 As is clear, with this assignment for l/N, our model reproduces the small-f limit of the MS model ͑and hence of the experimental data͒ somewhat poorly. In curve 2, l/N is arbitrarily assigned the value 3.24ϫ10 Ϫ5 , which significantly improves the agreement with the MS model. In all subsequent calculations involving the heteropolymer, this value for l/N will be assigned to one of the components of the copolymer. Curve 5 shows the results of yet another choice for l/N, in this case the choice 0.5, which makes the polymer relatively stiff to begin with, even in the absence of the force.
The results depicted in Fig. 1 do indeed demonstrate that our FENE approximation provides a useful approach to the behavior of semiflexible polymers under tension. We now turn to a discussion of the heteropolymer case.
B. Heteropolymer case
Quenched disorder
Equations ͑29͒, ͑30͒, and ͑45͒, when used in Eq. ͑21͒, determine the force-extension behavior of the random A -B block copolymer as a function of the following parameters: ͑i͒ the number of prepolymers n in the chain ͑which is kept fixed͒; ͑ii͒ the contour length N in a given prepolymer ͑as-sumed to be the same for both A and B and also kept fixed͒; ͑iii͒ the fraction of A in the polymer; ͑iv͒ the persistence lengths l A and l B of the two prepolymers; and ͑v͒ the degree of statistical correlation between A and B along the chain backbone. The nature of this behavior is best illustrated graphically. Figure 2 is a plot of the fractional extension z
/M vs the force fN for the following fixed values of the parameter : 0.0 ͑curve 2͒, 0.8 ͑curve 3͒, and 0.99 ͑curve 4͒. In each of these curves, the parameters n, , l A /N, and l B /N are kept fixed at these respective values: 50, 0.5, 0.99, and 3.24ϫ10 Ϫ5 . Curves 2-4 therefore describe the behavior of a moderately long copolymer with roughly equal amounts of A and B in which the A prepolymer is quite stiff (N/l A Ϸ1), the B prepolymer is very flexible (N/l B ӷ1) and the arrangement of A and B becomes increasingly random in the direction of decreasing . ͑ can also assume negative values, with ϭϪ1 corresponding to an arrangement in which A and B alternate with each other in perfect regularity. The force-extension curves for a chain with Ͻ0 at the above values of n, , l A /N, and l B /N are almost indistinguishable from curve 2, and are therefore not shown.͒ Curve 1 is the force-extension curve for a homopolymer of contour length M, obtained from the heteropolymer results by setting
Ϫ5 . The notable feature of curves 2-4 is, of course, the appearance of a plateau region for certain values of the force. Numerous experiments and simulations on polypeptides and polynucleotides have revealed similar plateaus, 17 and they have been generally ascribed to the existence of transitions between distinct conformational substates of the polymer.
In Fig. 3 , the stages by which the plateau develops are more clearly seen. Here, z 1/2 is plotted against the logarithm of fN at the following fixed values of l A /N: 3.24ϫ10 the curves describe a completely random copolymer with equal amounts of A and B in which one component is flexible and the other becomes increasingly stiff in the right to left direction. The increase of stiffness in one component therefore tends to produce greater chain extension for a given force, but thereafter, as the force continues to increase, the further increase in chain extension is less for those chains with the more rigid component. Figure 4 is a plot of z 1/2 against fN for the following fixed values of the parameter : 0.2 ͑curve 2͒, 0.4 ͑curve 3͒, 0.6 ͑curve 4͒, and 0.8 ͑curve 5͒ at fixed n ͑50͒, l A /N ͑0.99͒, l B /N (3.24ϫ10 Ϫ5 ) and ͑0.6͒. So, the curves describe a moderately ''blocky'' copolymer (As tend to follow As, on average, and Bs tend to follow Bs) in which one component is flexible and the other relatively stiff, and the proportion of stiff to flexible increases from curves 2 to 4. Curve 1 corresponds to a homopolymer of contour length M, obtained from the heteropolymer results by setting l A /Nϭl B /N ϭ3.24ϫ10 Ϫ5 . ͑Had the persistence length of the homopolymer corresponded to a stiff chain, the resulting curve would have been essentially a straight through z 1/2 ϭ1 for all fN.͒
Annealed disorder
When the distribution of A and B along the heteropolymer corresponds to annealed disorder, the force-extension curves are calculated from Eq. ͑22͒ using Eqs. ͑33͒ and ͑37͒ and the results given in the Appendix. Ϫ5 . Curve 1 corresponds to a homopolymer of contour length M, obtained from the heteropolymer results by setting l A /Nϭl B /Nϭ3.24ϫ10 Ϫ5 . In summary, then, the stretching of random block heteropolymers under quenched and annealed averaging leads to distinct force-extension curves. The results for the quenched case suggest that as a chain unfolds under the action of increasingly large forces ͑eventually reaching full extension͒, it may pass through apparently distinct conformational intermediates. The effect depends in detail on the statistical features of the heteropolymer, but is qualitatively the same for all such polymers. The results for the annealed case provide no evidence for the existence of similar conformational transitions; all annealed heteropolymers respond to the applied force in essentially the same way as a homopolymer of comparable size.
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APPENDIX: PRINCIPAL FORMULAS FOR THE CALCULATION OF ANNEALED AVERAGES
Referring to the equations in Sec. II C. ͑2͒, and introducing the following matrices: The summations in these expressions can all be obtained analytically. The expression for T 4 is somewhat more complicated. It is obtained from
Pϭ
The summations in this expression can also be obtained in closed form.
